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Abstract

In this paper we present an approximation to the mutual information among a single
variable and a set of variables. The main aim of our approach is to reduce the amount of
su—cient statistics (i.e. frequency counters) required to calculate the mutual information.
To do so, we use the chain rule and assume difierent independency statements among

variables.

We will use our approximation to calculate the MDL of a given Bayesian

network. We will show that our approximated approach to the MDL measure is score
equivalent and we will use it in order to learn Bayesian networks from data. We will
experimentally see that learning algorithms that use our approach obtain high quality
Bayesian networks. We also note that our approach can be used in any information based

measures.
1 Introduction

We will present, in this work, an approxima-
tion to the mutual information 1(X;Y ) among
a single variable Y and a set of variables X that
avoids estimating, from data, joint probabilities
of large set of variables. We will use our ap-
proach to calculate the MDL score and learn
Bayesian networks.

It is widely reported in the statistical pattern
recognition literature, see (Jain et al., 2000),
that the performance of a classifler depends
on the interrelationship between sample sizes,
number of features, and classifler complexity. It
has been often observed in practice that adding
variables to a classifler may actually degrade
its performance if the number of data instances
that are used to learn the classifler is small rel-
ative to the number of variables. This is known
as the peaking phenomenon which is a conse-
qguence of the curse of dimensionality (Jain et
al., 2000), usually stated as follows: in order to
estimate a joint probability, the number of re-
quired data instances grows exponentially with
the number of variables. This is due to the fact
that the required number of parameters in or-
der to estimate a joint probability distribution

grows exponentially with the number of vari-
ables, i.e the number of counters of a contin-
gency table. This is also illustrated by (Hastie
et al., 2001), when they state that the sampling
density is proportional to N'/?, where p is the
number of variables and N is the sample size.
Thus, if N; = 100 represents a dense sample for
a single input problem, then N;q = 100'° is the
sample size required for the same sampling den-
sity with 10 inputs. Thus in high dimensions all
feasible training samples sparsely populate the
input space.

The main aim of our approach is to reduce
the memory required to store sufficient statis-
tics. This is very important in some learn-
ing environments. In incremental environments,
where new data are processed as long as they
are available without re-processing the previ-
ously learned ones, it is required to store all the
sufficient statistics (Roure, 2004). In this sort
of environments, in order to scale up learning
algorithms, it is very important to reduce the
amount sufficient statistics required.

Also algorithms that learn from very large
data streams, see (Hulten and Domingos, 2002)
can beneflt from our approach. In this environ-
ment, learning algorithms attempt to minimize



the number of data instances used to produce
the model. For doing so, algorithms iteratively
learn models increasing the number of data in-
stances used and stop when they observe that
the model quality does not grow when addi-
tional data is used. Some works, like (Meek
et al., 2002), observe that to gather the number
of data to be used it su—ces to use an approx-
imated algorithm that is cheap in computing
time, and to learn the flnal model with the full
learning algorithm using the appropriate num-
ber of data instances.

In this paper, we will use the chain rule to ob-
tain another expression for the mutual informa-
tion that has two desirable properties. Firstly,
the expression is incremental in the number of
variables, that is, we will be able to express the
mutual information when a new variable Z is
added to the set of variables X as the mutual
information among Y and X plus the informa-
tion due to the variable Z. Secondly, the ob-
tained expression will allow us to drastically re-
duce the number of variables considered at each
term but still take into account all the relation-
ships among pairs of variables in X and variable
Y . The flrst property is useful for Bayesian net-
work learning since algorithms build networks
from arc-less structures by incrementally adding
variables to the sets of parents.

The rest of the paper is organized as follows.
In the rest of this section we introduce Bayesian
networks and a well-known learning algorithm.
We also introduce the MDL based quality mea-
sure for Bayesian networks that uses the mutual
information among a variable X; and the set of
its parents Pa;. In Section 2 we will use the
chain rule to obtain the above mentioned ex-
pression for the mutual information. In Section
3 we will introduce the approximated mutual in-
formation and compare it to the exact one. In
Section 4 we will use our approach to obtain an
approximated MDL measure and we will show
that it is score equivalent. Finally, we give some
experimental results.

1.1 Learning Bayesian networks

A Bayesian network is an annotated directed
acyclic graph that encodes a joint probabil-

ity distribution of a set of random variables
X = {X;y;:::; X, } each of which has a domain
of possible values. Formally, a Bayesian net-
work for X is a pair BN = (Bg;Bp) where
the flrst component, Bg, is a directed acyclic
graph (DAG) whose vertices correspond to the

represent directed dependencies between vari-
ables. The parents of X;, denoted as Pa,, is
the set of variables with an arc to X; in the
graph. The model structure yields to a fac-
torization of the joint probability distribution
for X, P(X) = [[ix; P(X;|Pa;). The second
component, Bp, represents the parameters that
quantifles the network. It has a parameter
ik = P(X; = xF|Pa; = pal) for each possi-
ble state x¥ of X; and for each conflguration
pa’l of Pa;.

Most of the learning algorithms found in the
literature are hill-climbing searchers that begin
with the arc-less network and perform the oper-
ator that most increases the score of the result-
ing structure and does not introduce a cycle into
the network. Algorithms stop when the use of
a single operator cannot increase the network’s
score. The difierence between the algorithms is
the domain of models and the operators they
use.

For our experiments we will use algorithm B
(Buntine, 1991) that yields full DAG structures
and the neighborhood of a given network struc-
ture, Bg, is the set of all networks that can
be obtained from Bg by adding a single arc
X; — X, to Bg such that does not introduce
a cycle,

Nu(Bs) = {(X,E)|E' = EU{(Xs, X;)} A Bsis a DAG}

In order to measure the quality of the alter-
native structures we will use the MDL quality
measure that we explain in the following sub-
section.

1.2 MDL Scoring function

MDL approach to scoring functions for Bayesian
networks is based on the idea that the best
model of a database is the model that mini-
mizes the sum of the encoding length of the
model plus the encoding length of the data given



the model. (Friedman and Goldszmidt, 1996)
used — log Pz(u) as an approximation of the en-
coding length of each instance u, and obtained
the following expression for the encoding length,
DL(D|B), of the whole dataset D given the
Bayesian network B,

L(D|B) = ZlogPB (1)

where N is the number of data instances in D.
They transformed Equation (1) and obtained
the following equivalent one,

N i H(X¢|Pai)

i=1
NZH

where n is the number of variables, H(X) is the
entropy of variable X and 1 (X;Y) is the mutual
information among variables X and Y . Another
approach (Lam and Bacchus, 1994) took the
Kullback-Leibler divergence as a measure of the
encoding length of the data given the Bayesian
network arriving to a similar expression.

The encoding length of the network struc-
ture is usually expressed as the total number
of parameters that we need to store for the net-
work. Note that for each variable X; we need to
store |Pa;|(|X;| — 1) parameters. The number
of bits used for each of these parameters is usu-
ally taken to be 1=21log N, and so, the encoding
length, K(B), for the whole Bayesian network
structure is

DL(D|B) =

1(X;; Pay)

1 n
K(B) =3 log N> [Pa|(|X:] — 1)

=1
Note that the MDL measure is factored, or
equivalently, the sum property holds. That is,
the encoding length of the whole Bayesian net-
work is expressed as the sum of the encoding
length of each variable and its parent set.

=Y MDL(X;; Pay)
=1

MDL(B|D)

This property if very important for learning al-
gorithms since it localizes the score efiect of an
addition (or removal) of an arc to the families
afiected (i.e. a variable and its parent set).

This property also holds for the Bayesian ap-
proach to quality measures (Cooper and Her-
skovits, 1992).

Another property that is usually required for
scoring measures is that they give the same
guality score to Bayesian network structures
that are equivalent, that is, structures that de-
flne the same probability distribution. When
this property holds for a given quality mea-
sure it is said to be score equivalent. Note that
the MDL approach to quality functions is score
equivalent (Chickering, 1995).

2 Incremental Mutual Information

The mutual information 1(X;Y) and the
joint entropy H(X;Y) can be incrementally
expressed using the chain rule (Cover and
Thomas, 1991). Let X = {X1; Xo;:::; X, }

IX™Y) = I(XY)+ (X, Y|X1)+ -+

I(Xn; VXY

which can be expressed as

P IYXEY)

=2

IX™;Y) = I(X1;Y)

Note that this expression is incremental in the
number of variables, that is, when a new vari-
able, Z, is added to a set of variables, X, we
can express the mutual information as

IXM™Zy)=1(X"™,Y) 4+ 1(Z;Y|X™)

Now we will further decompose the mu-
tual information using the following identity
1Y Z) = 10K Y)+I(CX; Z|Y )—1(X; Z) and
reordering terms, from Equation (2) we obtain

n—1
E IXO Y X 7) + 1(X™ D, X, |Y) (3)
1=2

n—1

§ —1(xUY; x,) — 1(x¢
i=2

Using the chain rule and the identity stated
above to the last terms of Equation (3) and (4)
we obtain

”71);Xn) (4)



n n—1
(XM y) = Z I(Xi;Y) + Z[I(Xi; XnlY) = I(Xs; X)) +
1=1 =1

n—2
E IXO™D XY X)) + (XD X, 1Y X,)
=2

n—2

E —IxC D x) —1xD X, )

1=2

Performing repeatedly the same substitu-
tions, we obtain

IX™y) =

n
> I(xi;Y)
=1

n i—1

+ ZZ[(X,L-;XJ-|YX" o Xig1)

1=2 j=1

and where the incremental expression is

I(X™,Y)
1(Z;Y) (5)

IX™zy) =

+

+ D NZ XY X Xig1)  (6)

=1

= Y HZXi|Xa . X)) (7)
i=1

Let us take a look to this last expression. We
can see that the contribution to the mutual in-
formation among a set of variables X(™) and a
variable Y when a new variable, Z, is added
to X(™ can be divided into three parts. The
flrst one, term (5), measures the contribution
of the new variable to the mutual information
with Y. The second one, term (6), measures
the relationship between Z, X(®) and Y. This
term grows when the mutual information among
Z and X given Y grows. The third one,
term (7), decreases when the mutual informa-
tion among Z and X (™) increases.

To take a closer look let us consider the terms
(6) and (7) when i = n, 1(X,,;; Z|Y) — 1(Xy; Z).
We note that this term may be positive or nega-
tive (McKay, 1999): when the joint probability
distribution of variables forms a Markov chain

(see Figure 2 (a)), then 1(X,,; Z|Y) < 1(Xy; Z).
Further note that, in this case, 1(X,;Z|Y) =
0 and that I(Y;X,) > 1(Z;X,). On the
contrary, when the joint probability distribu-
tion forms a V-structure (see Figure 2 (b)),
then 1(X,;Z|Y) > 1(X,;Z), and also that
1(X,,; Z|Y) is maximum. A typical example of
this joint probability structure is The Burglar
Alarm problem (Pearl, 1988).

So, from the considerations stated above, we
can see that the contribution of a new variable
Z to the mutual information 1(X("Z;Y):

e The higher the mutual information among
Y and the new variable Z is, the higher its
contribution to the whole mutual informa-
tion, 1(X("Z;Y), is.

e The more similar the joint probability dis-
tribution of X(*, Z, and Y is to a V-
structure the higher the contribution of Z
to the whole mutual information is.

e The higher the mutual information among
Z and X is, the lower its contribution to
the whole mutual information is.

(a) Markov chain (b) V—structure

Figure 1. Joint probability distribution struc-
tures

We also want to stress that I(X(™);Y) <
1(X(™Z:Y) (Cover and Thomas, 1991). This
can easily be seen in Equation (2) where
each variable contributes with a non-negative
amount since the mutual information is always
non-negative. For notational simplicity we will
note as ¢(Z) the sum of terms (5), (6) and (7).

3 Approximated mutual information

In this section we present an approximation to
the mutual information. The aim of our approx-
imation is to drastically reduce the number of



variables involved in the joint probabilities in
order to reduce the memory space used to store
the sufficient statistics.

To avoid using joint probabilities of large
set of variables in the mutual information
1(X(™):Y), we will discard conditioning the mu-
tual information with variables in X(™),

IX™zy) = 1(x":;Yv)
+ 1(Z:Y) (8)

+ Y HZXi|Y) 9)

- Yz (10)

Note that in our approximation we are calcu-
lating joint probabilities of set of three variables
at most. This reduce the amount of sufficient
statistics (e.g. counters) used from k™12, in the
full version of the mutual information, to k3,
where k is the number of values a variable can
take and n is the number of variables involved:
X™:z:Y .

In our approximation, we are assuming in
each term i that the variable X; is indepen-

viously terms (9) and (10) will, in general, give
difierent results that the corresponding terms,
(6) and (7), of the full mutual information. Ob-
serve though, that this new expression keeps the
three contributions of a new variable Z to the
mutual information that measures difierent as-
pects of the dependencies among the variables,
or groups of variables, involved.

We will note as ¢,(Z) the sum of terms (8),
(9) and (10). See that while 0 < &¢(2Z), it does
not hold for ¢,(Z). Furthermore, observe that
the approximated measure may be either equal,
greater or lower than the exact measure. For
example, when the underlying joint probability
of Z, XM and Y forms a Markov chain such as
Z - X® Y, then ¢(Z) =0and ¢,(Z) =
1(Z;Y)+> 2 [1(Z;Y |X;)— 1(Z;Y )] and since
in thiscase 1(Z;Y |X;) << I(Z;Y), ¢,(Z) <O0.

Unfortunately, we have not been able to
give an analytical bound for the error intro-
duced by our approximated mutual informa-
tion yet. However, we have experimentally seen

that when variables form a Markov chain then
¢,(Z) < ¢(2), and when variables form a V-
structure being Y at the vertex then ¢,(Z) >
€ (Z) most of the times. Observe that the more
independent the variables in X (™) are, the more
similar ¢(Z) and ¢,(Z) will be.

4  Approximated MDL

In this section we will use our approximated
mutual information in order to obtain an ap-
proximated MDL measure. First we express
the mutual information in an incremental way.
Given a variable, X;, and its parent set, Pa; =

added the MDL can be expressed as

MDL(X;,Pa; Z) =
K(Xi,Pai) + DL(Xi,Pai) (11)
+(%1OgN)|Paz'\(|Xi\ -1z -1) (12)
_NI(Z; X:) (13)

—NY I(Z; Pay| XiPan ... Paiji1) - (14)

j=1

+N > 1(Z; Pags|Pay . .. Paiji) (15)

j=1

Note that in this equation we state the MDL
for a given variable X; and its parent set {Pa; }U
{Z}. The MDL for the whole Bayesian network
structure can be easily obtained summing the
MDL over all variables and their parent sets,
since the M DL is factored. See that the term
(11) corresponds to MDL(X;; Pa;), term (12)
corresponds to the new encoding length when a
parent is added and the last three terms, (13),
(14) and (15), correspond to —N ¢ (2).

Now we state our approximated version of the
MDL using the notation from the former sec-
tion,

MDL.(X:,Pa;Z) =

K(XZ,PaZ)—i-DLa(XZ,PaZ) (16)
+(5 log N)[Pail(1 X - 1)(1Z1 =1)  (17)
—NI(Z; X;) (18)
—NiI(Z;PaiﬂXi) (19)

Jj=1



+N > 1(Z; Payj) (20)
j=1

where ML,(X;; Pa;) corresponds to the en-
coding length of data given the network struc-
ture using our approximation to mutual infor-
mation. Note again that the last three term of
the equation { (18), (19) and (20) { correspond
to —N¢C,(2).

Observe that since a good parent set of a vari-
able is the one that minimizes the MDL score,
our approximated measure will, in general, over
score the contribution of a variable Z when it
is a good parent of X; given Pa; and will under
score its contribution when it is a bad parent.
This is due to the fact the approximated mutual
information is lower than the exact one when Z
forms a Markov chain with Pa; and X;, and it
is higher when Z forms a V-structure.

Figure 2: X, <« X; is a covered arc

Now we will show that our approach is score
equivalent. First, we need to deflne the notion of
covered arc: An arc, Y — X in a network struc-
ture is covered if Pay = Pay, U{Y }, see Figure
4. 1 is seen that, between any pair of equiva-
lent Bayesian networks, there exists a sequence
of distinct covered arc reversals that make both
structures identical (Chickering, 1995). Thus,
to show that a scoring function is score equiva-
lent it su—ces to see that it gives the same score
to two structures that difier in a single covered
arc reversal.

Lemma 1 Let U be a set of wvariables, and
let D be a database over U. Let By and
By be two network structures over U. Fur-
thermore, let Xs and Xy be two nodes in By

Pay, = {Paj;:::;Pa,} U {X;} and Payx, =

the rest of variables in U are the same in both
structures. Then,

MDL4(Bi1, D) = MDLy(Ba, D)

Proof: Since our approach measures in the
same way the number of parameters of Bayesian
networks than the full approach, we only need
to show that the scoring length of the data
given both structures, B; and B., is the same,
DL(B;; D) = DL(B2; D).

DL4(Bi1, D) = DLo(Ba, D) <
MLy(Xs,{Pa1,...,Pan})+
MLo(X,{Pai,...,Pan}) + Aa(Xs))

MLo(Xa,{Pas, ..., Pan}) + Aa(X:) +

MULo(X¢,{Paa,...,Pan})
<~

Ag(Xs) = Au(Xy)

<~

I(X4; X,) + Y 1(Xe; Pail Xo) = I(X,; Pay)

i=1

I(Xo; Xo) + > (X3 Pas|X,) = I(Xs; Pas)
i=1
-

Vie[l,...,n] I(Xs; Pai|Xe) — [(Xs; Pas) =
I(Xy; Pai| Xs) — I(X¢; Pas)

=
P(X,X;Pa;) P(Pa;) P(Xs) P(X:)
P(X:XtPa;)l
. ;3 ( +Pa;)log P(PaiXt)P(XSXt)P(PaiXS)
sAtloag

P(X:X,Pa;)P(Pa;)P(X,)P(X,)

Z P(X.X:Pa;)log

XsXy¢Pa;
O

P(Pa;Xt)P(X:X:)P(PaiXs)

5 Experimental results

In this section we compare the performance of
algorithm B (see Section 1.1) when it uses the
full MDL and the approximated MDLa. We
used the datasets Adult(48.842 instances and 13
variables), Car (1.728 inst. and 7 var.), DNA
(3.190 inst. and 61 var.), Letter Recognition
(20.000 inst. and 16 var.) Mushroom (8.124
inst. and 23 var.) and Nursery (12.960 inst.
and 9 var.) from the UCI machine learning
repository (Murphy and Aha, 1994), the Alarm
dataset (20.000 inst. and 37 var.) (Cooper
and Herskovits, 1992) that is a standard bench-
mark in the Bayesian network literature and
a synthetic dataset that were kindly donated
by Robert Castelo (Castelo and Kogeka, 2003),



that we will call Synthetic (100.000 inst. and
25 var.). We used the discretization utility of
MLC++ (Kohavi et al., 1994) in order to dis-



data given the Bayesian network. Experiments
conflrmed this last point since the Bayesian net-
works obtained with the approximated MDL, in
general, had more arcs.

We think that there is still a lot of work to
be done in order to further understand the er-
ror introduced with our approximation. We
will guantitatively study the error introduced
by our approach and to study in which situ-
ations, underlying probability distributions of
data, this error is highest and lowest. We would
also like to use our approximation to other non
hill climbing strategies to learn Bayesian net-
works (Tian, 2000) and to relate our approach
to others like (Friedman and Getoor, 1999).
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